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Abstract

The first-order time-modulated weighted-residual integral boundary layer (TMBL) equations are derived and analyzed. The non-
linear dynamics of thin liquid films falling on a vertical oscillating plane is investigated numerically using these equations. The set
of TMBL equations admits a solution corresponding to a flat film and a temporally periodic volumetric flow rate. Using Floquet
theory we investigate stability of this solution. In the region of instability of time-periodic flow, forcing of the traveling wave
and non-stationary wave regimes arising in the unmodulated system, results in the emergence of quasiperiodic and apparently
chaotic regimes, respectively. The wave regimes of the yj- and y,-types survive the forcing imparted by plane oscillation. The
possibility of the emergence of flow reversal is also addressed. The existence of regions of asymptotical stability of the flat film
with a temporally periodic flow rate provides the window for reduction or even suppression of the waviness of the film interface.
Numerical investigation of the non-linear dynamics of the modulated film confirms the analytical results arising from Floquet
theory.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Falling liquid films are often encountered in various technological applications, such as evaporators, condensers,
heat exchangers, coating, and physical phenomena, such as gravity currents and lava flows. Most of the theoretical
and experimental work was carried out for the case where the solid surface underneath the falling film is static. For a
review on this topic the reader is referred to Alekseenko et al. [1] and Chang [2].

Investigation of the influence of substrate oscillation on the dynamics of a horizontal liquid layer overlying it
began four decades ago with the linear stability analysis of Yih [3] who carried out longwave expansions to determine
domains of instability. Later, Or [4] revisited the Yih’s problem and demonstrated using Floquet theory, that the
instability sets in first for a finite-wavelength regime in a wide range of parameters. Halpern and Frenkel [5] studied
the non-linear stability of a horizontal bilayer system subjected to the Rayleigh—Taylor instability when the substrate
on the top of the heavier fluid layer performs in-plane oscillations. The fluid dynamics of the interface separating the
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two layers was investigated in terms of a weakly non-linear evolution equation of the Kuramoto—Sivashinsky type
derived there for both low-frequency and high-frequency limits. In certain parameter domains, the Rayleigh—Taylor
instability was shown to saturate due to planar oscillations. Thiele et al. [6] recently studied the dynamics of a thin
liquid film subjected to the Marangoni and Faraday instabilities, the latter being triggered by substrate vibration in the
direction normal to the substrate. They also gave an overview of the previous work on the dynamics of liquid films
subjected to substrate oscillation in the normal direction.

Several experimental and theoretical investigations of falling liquid films on a periodically tangentially-oscillating
solid surface have appeared in literature in the last two decades. Stability of the time-dependent base flow of a liquid
layer with a deformable interface was investigated by Bauer and von Kerczek [7]. They used Floquet theory and
found that in the limit of small wavenumbers, i.e., in the long-wave limit, the growth rate of disturbances is given by
summation of the natural growth rate in the non-oscillating case driven by gravity and that due to pure oscillation in
the horizontal case. More important, they also showed that for a certain range of the oscillation frequency, a falling
film is stabilized provided that the Reynolds number of the flow is sufficiently small. Lin et al. [8] also used linear
stability theory to demonstrate that periodic in-plane oscillation of the wall may suppress surface waves in certain
windows of the system parameter space. They found that there exists more than one stability wedge with respect to
the frequency of oscillation.

Tihon et al. [9] studied experimentally the behavior of liquid films flowing on a periodically oscillating inclined
plane. Their measurements for forced plate vibrations depict superharmonics and a finite amplitude time-periodic
response. Furthermore, they obtained aperiodic low amplitude response for excitation with increasing frequencies.
They also found that oscillations with small amplitude or frequency are responsible for resonant excitation of waves
with large amplitudes. On the other hand, their experiments showed that an increase of the oscillation frequency with
fixed oscillation amplitude can lead first to an increase and then to a decrease of the amplitude of the interfacial wave.

Drahos et al. [10] studied experimentally the stability of two-dimensional waves falling on a vertical oscillating
plane. Their experiments were carried out with non-Newtonian films that revealed a self-excited periodic wave for
the case of a fixed plate. The vertical plate was perturbed with several forcing frequencies resulting in periodic,
quasiperiodic and chaotic responses, which were analyzed using phase space reconstruction. They found that the plate
oscillations led to the intensification of the wavy flow in some regimes and saturation of the surface waves amplitude
in others. They also showed that the properties of the wavy flow do not depend on the amplitude of oscillation when
the latter exceeds a certain value.

The dynamics of two-dimensional thin liquid films falling down a vertical wall periodically oscillating in its own
plane with given amplitude and frequency was investigated [11]. A non-linear long-wave evolution equation referred
to there as the temporally modulated Benney equation (TMBE) was derived and validated with respect to solutions
obtained by direct numerical simulations [12]. Both the Benney equation [13,14] (BE) and TMBE [11,15] were nu-
merically solved to investigate the fully non-linear film dynamics in the unforced and forced cases, respectively. The
solutions of the BE were found to be of three different types: (i) linearly stable solutions decaying to the uniform state,
(ii) linearly unstable bounded states, and (iii) linearly unstable unbounded solutions. The domain of linearly unstable
bounded states was found to contain periodic traveling waves (TW), as well as temporally aperiodic non-stationary
waves (NSW). All these were mapped into concise stability diagrams. The stability diagram of the TMBE was found
to remain unchanged with respect to the BE for the investigated range of excitation parameters. However, the funda-
mental dynamical structure of the TMBE was shown to be quasi-periodic tori complemented by irregular aperiodic
behavior of several types of strange attractors for sufficiently large frequency and amplitude of plane oscillation. These
aperiodic responses were observed for unforced asymmetric uni- and bimodal waves at selected frequencies of exci-
tation. A significant decrease of the maximal amplitude, or the roughness factor of the interfacial wave on relatively
thick films, was achieved [11] with an increase of either amplitude or frequency of plane oscillation, qualitatively
similar to the experiments of Tihon et al. [9].

The stability and bifurcations of parametrically excited thin falling liquid films using low-order truncation of the
two-dimensional spatiotemporal dynamics as described by the TMBE were investigated [15]. A fourth-order modal
dynamical system was validated to yield the primary bifurcation structure of the fundamental falling film dynam-
ics described by the Benney equation (BE) and accurately predicted the quasi-periodic structure of the temporally
modulated Benney equation (TMBE). The stability of fundamental steady and periodic solutions was analytically
and numerically investigated, so as to reveal the threshold for non-stationary and chaotic solutions corresponding to
aperiodic modulated traveling waves. The reduced modal dynamical system enabled construction of a comprehensive
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bifurcation structure, which was verified by numerical solution of the evolution equation [15]. This analysis revealed
that the chaotic response to temporal modulation was indeed an outcome of harmonic excitation of a quasiperiodic
wave regime that was previously conjectured [16,17].

To overcome some of the drawbacks associated with the BE for fluids with large surface tension (large Kapitza
number) an alternative approach was introduced by Ruyer-Quil and Manneville [18,19] extending the boundary-layer
theory developed by Shkadov [20]. The Shkadov theory was shown [22,21] to be successful in describing the dynam-
ics of falling films on static vertical and inclined substrates for intermediate Reynolds numbers (R < 300). However,
it failed to match the linear stability threshold of the system, as was derived by Benjamin [23] using Orr—Sommerfeld
equations, by Yih [24] employing long-wave expansions, and which is strictly satisfied by the BE. The theory de-
veloped by Ruyer-Quil and Manneville [18,19] for both first- and second-order approximations of the Navier—Stokes
equations can be classified as weighted-residual integral boundary layer (WRIBL) theory. It corrected the inability of
the Shkadov model equations to match the linear stability threshold of the system and was found to yield bounded
solutions for a larger range of Reynolds numbers than in the case of the BE. Recently, Scheid et al. [25] carried out
investigation of traveling wave solutions of the first-order WRIBL equations with various boundary conditions and
compared them to those of the BE. However, the time-dependent evolution of the falling films, as described by the
first-order WRIBL equations with periodic boundary conditions, has not yet been investigated.

A numerical investigation of the non-linear dynamics of thin falling films in the context of the first-order WRIBL
equations derived by Ruyer-Quil and Manneville [18] was carried out by Oron et al. [26,27]. These equations, aug-
mented with periodic boundary conditions have been shown to admit solutions of various kinds, among which one
finds traveling waves (TW) and several types of aperiodic non-stationary waves (NSW). Coexistence of stable trav-
eling wave (TW) flows of various types as well as TW and NSW were found to be possible [26] and Novbari [27].
It was also found there that traveling waves of the y;-type bifurcate from the stability threshold of the system and
slightly before the parameter range, where the second mode becomes linearly unstable, a coexistence between the
traveling waves of y1- and y;-types arises. The domain where traveling waves of the y»-type then become dominant
and that where the y»-type waves lose stability to a non-stationary flow regime then follow. When more unstable
modes become involved in the film dynamics, an increase in complexity of the spatiotemporal film dynamics occurs
[26,27].

It is the purpose of this paper to develop a mathematical model for thin falling films on a periodically in-plane
oscillating planar vertical surface based on the first-order model approach [18]. The paper is organized as follows:
Section 2 is devoted to the formulation of the governing equations and derivation of the evolution TMBL equations.
Section 3 deals with stability analysis of the temporally modulated system using Floquet theory. Section 4 briefly
describes the numerical method and analysis’ techniques employed here to study the fully non-linear regime of the
film evolution. In Section 5 we validate the first-order TMBL equations by comparison of their solutions with the
TMBE equation. In Section 6 we discuss the results of the numerical analysis of the evolution equations describing
the film dynamics falling on a vertical oscillating plane. Section 7 is devoted to the amplitude reduction of the waves.
Section 8 presents the concluding remarks.

2. Derivation of the evolution equations

We consider a two-dimensional flow of an isothermal liquid film of average thickness d on a solid planar surface
oscillating in its own plane with specified amplitude and frequency and tilted at an angle 6 with respect to the horizon-
tal in a gravity field g. The relevant properties of the liquid are density p, kinematic viscosity v and surface tension
o . The coordinate x is directed downwards along the plane, while y is normal to the plane.

Following [18] we choose the viscous length Iy = v3 (g sin 9)_% for scaling the spatial variables, the viscous time
2

1 1 1
T; =v3(gsinf) 3 and the viscous velocity ug; = v3(gsinf)3 for scaling time and the fluid velocities, respectively.
The dimensionless surface tension defines the standard Kapitza number

K:iza/(pv4/3(gsin9)l/3) (H
Oy

of the fluid.
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We start with the two-dimensional incompressible dimensionless Navier—Stokes (NS) equations governing the
fluid flow, augmented by temporally modulated boundary conditions at the wall, the continuity equation, the balance
of stresses and the kinematic condition, see Appendix A, Egs. (A.1)—(A.5).

We now seek the solution of Egs. (A.1)-(A.5) as perturbation series in powers of a small parameter ¢ = d /A defined
as the ratio of the mean film thickness d and the characteristic wavelength of interfacial disturbance X:

u=ul+ecul + O(@?),
v=2¢v' +O(?), 2
p=p"+ep' + 0.
Furthermore, we rescale the independent variables as § = ex and t = &, leaving the vertical variables y and &
unstretched, as the long-wave regime of the film flow on a planar substrate is considered hereafter.
At first order in ¢ including the terms at order zero, the procedure yields upon returning to the original non-
dimensional variables x and 7, a set of boundary-layer equations [20]

{ut—i—uux—i—vuy—uyy:l—th—i—/{hx”, 3)

uy +vy =0,

where superscripts of the expansions (2) have been dropped and B = cot(6). Note that the presence of the term /.y x
in the first-order in ¢ boundary-layer Eqs. (3) is ensured for large Kapitza numbers, k = O(¢~2).

A solid substrate oscillates in its own plane with the oscillation amplitude A and frequency §2, thus the appropriate
boundary condition for the longitudinal velocity u is u|y = «¢ cos(¢t), where the dimensionless oscillation amplitude
and frequency are

a=A/l, = RTy, )

respectively.
We now consider the problem consisting of Egs. (3) and the boundary conditions

ulo=wagcos(¢t), vlp=0,

{ uylp =0, (5
ht + qx = 0,

where h = h(x,t),q = q(x, t) are, respectively, the local film thickness and the leading-order approximation of the

volumetric flow rate scaled with v

q:fudy. (6)
0

In this work we employ the weighted-residual integral boundary layer approach, derived for the case of a static
solid substrate by Ruyer-Quil and Manneville [18]. Following this approach the longitudinal fluid velocity component
u is expanded in the form

n
w=>"a;fj +b®f 1), (7)
j=0
where a; = aj(x, t) are slowly varying functions of its variables, y = y/h(x, ) is a spatial coordinate normal to the
wall normalized by the local film thickness h(x,1); b(t) = al cos(¢1); fj = i - %5,/4-2’ J = 0 are polynomials
in (0, 1) forming a complete basis above differentiable functions u satisfying the conditions ulp = 0 and u3|; = 0.
The monomial f_; =1 is included to satisfy the oscillating boundary condition u|g = a¢ cos(¢?).

Similar to Ref. [18] it is assumed that the expansion coefficients a(¢), j > 0 are small, O(¢). Thus, small departures
from the base state that combines the Nusselt flow represented by the parabolic profile fj, and a rigid-body oscillation
of the film represented by the b-term, are formally considered here.

The main milestones of the derivation of the evolution equations are given in Appendix B. Differentiating the
x-component of the boundary-layer Egs. (3), it is readily shown that the coefficients a, ao, .. ., a, and their derivatives
are order &, expressing the normal fluid velocity component v from the continuity equation and substituting the
expansion (7) into the x-component of Eq. (3), neglecting all slowly varying terms of order 2 and retaining the terms
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of order ¢, yields a polynomial whose coefficients are equated to zero, order by order. This procedure provides the
expressions for ao, ..., as, Eqs. (B.1)—(B.5). Computing the local flow rate, as defined in Eq. (6), via the functions
b,ay, ..., a4, as shown in Eq. (B.6), and solving for g;, we obtain a set of two first-order evolution equations referred
hereafter as to time-modulated weighted-residual integral boundary layer equations (TMBL)

he +qx =0, (8a)

5. 59q 17qqc 9 ¢*he 5 5
- e — 2 Bhh, + 2khh
6" T2 m T T h T7 T Tl et gk e

3qx 5 qhy 2 h .
+ ag cos(¢t) T—i_ﬂ_ﬁ —ag gsm(gt)—i-

ohy

cosz({t)) (8b)

As suggested by the anonymous referee, Eq. (8b) can be formally obtained by assuming the streamwise component
of the velocity field in the form u = [374 —3b(t)] fo(y/ h) + b(t), and integrating the first of Eq. (3) multiplied by fy
over 0 < y < h. We note that this assumption follows directly from Eq. (B.6).

The set of Egs. (8a) and (8b) is valid in the case if « = O(1), ¢ = O(1). In the case of o« = O(¢), ¢ = O(1), only
the second and fourth terms in the time-dependent part of Eq. (8b) remain, while the other three are in this limit of
order 0(82) and vanish from Eq. (8b).

Eqgs. (8) are analytically and numerically investigated for various oscillation amplitudes and oscillation frequencies
with periodic boundary conditions for both / and ¢ in the domain 0 < x < L and for various initial conditions, one of
them, namely

. [ 2mx
h(x,t:O)Eho(x)th—i—Bsm(T), sk 1, (9a)

q(x,t=0)=qo(x) =¢n, (9b)

is referred to as a “standard” initial condition. The value of § is typically varied between 0.05 and 0.1. A use of
periodic boundary conditions for Egs. (8) with « = 0, corresponding to the case of a static plane, was discussed and
justified by comparison with several experimental data in the unmodulated case [26].

In the case of a vertical plane, B = 0, considered in this paper, the film thickness .y and the volumetric flow rate
gn of the base Nusselt flow of the unmodulated case, are related to the Reynolds number R = (gd3) / (2v2) based on
the maximal value of the film velocity via

=R, gy = %h%, (10)
respectively.

In order to compare the results of our investigation with other work available in the literature, it is important to
relate between various values used elsewhere. Oron and Gottlieb [11] employed in their investigations of the first-
order Benney equation the parameters R, the rescaled Weber number S = 20/(3pgd?) and the small order parameter
¢ defined as the ratio between the mean film thickness and the characteristic wavelength of the interfacial disturbance.
We note that Salamon et al. [12] used the value of the Weber number, W = %S’ , whereas Scheid et al. [25] used
the value of the Reynolds number based on the average film velocity, Re = %R, and the value of the fundamental
wavenumber k corresponding to the size of the periodic domain of L. In addition to the relationships given in Eq. (10),
these values are related by

2 kh N

L=7, & ?, K=Wh%v (11)

3. Stability analysis of the modulated system

Non-dimensionalization of the problem variables with the scales used here, see Section 2, leads to the conclusion
that the undisturbed state of the film of thickness d corresponds to & = hy = (2R)'/3. Linear stability analysis of
the state related to & = hy is carried out in this section. In what follows, only the case of a vertical plane B =0 is
considered.
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Fig. 1. Stability diagram for the unforced system with W = 1000. The bold solid curve represents the Hopf stability threshold. Region I is the
domain of linear stability of the state 7 = &y, while region II, below the curve is the instability domain. Horizontal and vertical dot-dashed lines
show two cases, case A with ¢ = 0.04/27 and case B with R = 3.1, where our numerical investigation has been carried out. The curve marked with
asterisks represents the border line below which the value of Q = ¢g/qy becomes negative for the unforced system, o = 0. A reverse-flow border
line for a modulated flow with the oscillation amplitude o = 10 is marked by the dashed line.

We note some features of the stability analysis carried out for the unforced system [25,26] relevant for the analysis
of the forced system. The solution 7 = hy, g = gy of the WRIBL equations for the unforced system in the domain
[0, L] was found to be linearly stable [25-27] when R < fT(kZK + B). The conditions at the stability threshold are
found to be R = %B and ¢ = h%\,, where c is the critical frequency. These coincide with the corresponding results
obtained by Benjamin [23] based on the Orr—Sommerfeld equations for the unforced system.

Fig. 1 displays the stability diagram of the state 7 = hy of the unmodulated system for W = 1000. The solid
curve represents the Hopf stability threshold, & = (+/R/5W)/m, of the unmodulated falling film and divides the € — R
plane into two stability regions, one of which (I), located above this curve is the domain of linear stability of the
state h = hy, while (II), below the curve is that of its instability, both for the unmodulated film. Both, horizontal
and vertical dot-dashed lines show the ranges, where our numerical investigation has been carried out in cases A
(¢ =0.04/2m) and B (R = 3.1), respectively. It is worthwhile to note that the Hopf stability threshold is R =2 in
case A and ¢ &~ 0.0079 in case B. The curve marked with asterisks represents the border line below which the value
of O = ¢g/qn becomes negative for the unforced system, while the dashed line displays the same phenomenon for
the excited system when the normalized oscillation amplitude is & = 10, both obtained numerically. Solutions with
locally negative values of Q, will be shown to represent regimes with small spatial subdomains with recirculating
flow. Such solutions were investigated for unmodulated flows in Refs. [26,27] and will be further discussed below in
Section 6.3.

We note that h = hy, g = gy is not a solution for Eqs. (8) for a forced system, o # 0. Therefore, let us first
establish a base state for the forced system whose stability will be investigated next.

Consider spatially uniform solutions for Eqgs. (8) in the form

h=hy, q=q(1). (12)
It then follows from Eq. (8b) that
q(t) = const - exp (—yt) + gy + qp(1), (13a)
where
5
y = o (13b)
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and

al[(15y + h3, ¢ cos (¢1) + (15 — yh3)¢ sin (¢1)]
6hn (v +¢2) '

We note that the first component of Eq. (13a) depends on the initial condition via the value of const and decays
exponentially in time. The second component represents gy that is the flow rate of the Nusselt solution corresponding
to the fixed point in the linearly stable domain. The third component g, (¢) is time-periodic with a period equal to that
of plane oscillation 277/¢ when « # 0. Therefore, in the long-time range the solution g (¢) is time-periodic with the
average gn.

To study stability of the solution 7 = hy,q = gy + qp(t) in the long-time range for o # 0, we apply Floquet
theory [28]. Egs. (8) are linearized around this solution, h =hy +h', g =gn +q,) +q', || K hy, |q'| < gqn,
and the disturbance field is represented in the form

h =exp(ikx)p(t), q =exp(ikx)x (1), (14)

where k is the wavenumber of the disturbance. Then, from Eq. (8a) we find that x = %gb, where a “dot” denotes
differentiation with respect to t. From Eq. (8b) we find that the growth function ¢ = ¢(¢) is complex and satisfies the
complex differential equation

qp(t) = (13¢)

P+UMD9+V()e=0, (15a)
where
17ik . 3.
U(t):y—}-mqp(t)—51a§kcos(§t),
Sik  Sik . 9% ., 5 s 5 4
Vit)=—+ ——q¢,(t) — —q5() + =Bhyk“+ —xk™h
. Ly Lo o 1220
—|liyaks — mk atqgp(t) [cos(¢t) — gzak;“ sin(¢t) + ak a“Lecos” (L), (15b)

where (}p (t) =gn +qp(t) and both U(¢), V (¢) are {-periodic in time.

Eq. (15) is rewritten in the form of four real ordinary differential equations of first order and solved numerically
using the fourth-order Runge—Kutta method in the one-period domain 0 < ¢ < 2% with the initial conditions corre-
sponding to the unit matrix of order 4 x 4. This enables us to compute the monodromy matrix M and its eigenvalues.
It follows from Floquet theory [28] that if the spectral radius of M, p (M) is smaller than one, the base time-periodic
solution ¢ = gn + q,(t) is asymptotically stable, while if p(M) > 1, the latter is unstable.

We found that the stability properties of the base state equation (12) change depending on whether the considered
parameter set of the film is located in stability region I or II delineated earlier in this section.

In our numerical investigations reported below we focus on two parametric cases [12,11,15,25], namely: case A in
which R varies with fixed W = 1000, ¢ = 0.04/27; and case B in which ¢ varies with fixed W = 1000, R = 3.1.

We first discuss the stability properties of the base state equation (12) in region I. Fig. 2 displays the stability
diagrams in case A with R =1 and R = 1.8 and case B with ¢ = 0.009. In both, the curve o = ar(¢) separating
between the domain of stability of the base state which is adjacent to the axis « = 0 for { > ¢p, and the domain of
its instability above the curves is shown. The marginal curve o = o (¢) is computed by applying Floquet theory and
searching for the locus where p(M) = 1. The curve « = ar(¢) has a concave shape and increases asymptotically
for some values of ¢. Thus, the base state, Eq. (12) is asymptotically stable for both large and small values of ¢ for
all «. As the value of R approaches its Hopf threshold value for the unmodulated system, the domain of asymptotic
stability of the base state, Eq. (12) shrinks for small ¢ and widens for large ¢, as seen in Fig. 2. Fig. 3 presents the
stability diagrams for the base state given by Eq. (12) in stability region II for Case A, R =7 and R = 15, and Case B,
& = 0.006 and 0.004, respectively. Both of the figures display in the «—¢ plane the stability thresholds o = o (¢)
obtained by applying Floquet theory, as described in the previous paragraph. The domain above the curves represent
the region of asymptotic stability of the base state (12), while below them, i.e., adjacent to the o = O line, the latter is
unstable. It follows from Fig. 3 that a larger distance from the linear stability threshold of the unmodulated system,
namely a larger R in Case A and a smaller ¢ in Case B, leads to a higher oscillation frequency ¢ needed for a fixed
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Fig. 2. The marginal curve o = o (¢) for stability of the time-periodic Fig. 3. The marginal curve o = o (¢) for stability of the time-periodic
base state, Eq. (12), corresponding to domain I. The domain of stability base state, Eq. (12), corresponding to domain II. The domain of stabil-
is located between the o = 0 axis and the curve. The upper panel — ity is located above the curve. The upper panel — case A with R =7
case A, the curves marked by circles and squares correspond to R = 1 (the lower curve) and R = 15 (the upper curve); the lower panel —
and R = 1.8, respectively; the lower panel — case B with ¢ = 0.009. case B, the upper and lower curves correspond to ¢ = 0.004 and 0.006,
respectively.

« to stabilize the base state given by Eq. (12) and by this to suppress the waviness amplitude of the film. In both
cases, along the stability curve the decrease of the oscillation amplitude oy (&) is accompanied with increase of the
oscillation frequency ¢{. We have also found that in both cases the stability curves do not extend into the region of
¢ < &, for a certain ¢( and the oscillation amplitude oz grows indefinitely when the frequency ¢ approaches ¢y from
the right. Therefore, the base state given by Eq. (12) is unstable for sufficiently small dimensionless frequencies ¢. It
appears that the value of {y depends weakly on R in case A and on ¢ in case B. The consequences of this stability
analysis will be discussed below in Section 7.

4. Numerical technique and analyses methodology

The numerical technique used here to solve Eqgs. (8) is based on the Newton—Kantorovich method [29,11]. The
method employed there is now extended to handle a set of coupled equations, similarly to Refs. [26,27].
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Egs. (8) are written in the form

y: =F(y, 1), (16)
where
_( h(x,t)
and
_ (H(h,q;x,1)
F= (Q(h,q;x,o) (19

with H = —¢g, and Q given by the right-hand side of Eq. (8). To ensure the second-order accuracy of the solution in
time we use the second-order, (O(Atz)), accurate Runge—Kutta method

1
y" U =y® 4 S ARG, ) + FO™, )], (19)

where At is a time-marching step, the superscript (n) denotes the values of vector y at t = 1,. We employ Frechet
differentials of the relevant operators to obtain from Egs. (17), (18), a set of linear ordinary differential equations

1
Jv= [I — S ARy (", rn)]v = AF(y"™, 1,) o

in terms of the vector v that constitutes the increment of the dependent variables between t =1, and t = £,

(V1) _ h+D — @

V—(W>—(¢Hn_qw : @n
Here vy, vy represent vectors that consist of values of the corresponding functions in the grid points, and I is a unit
matrix.

The matrix J is a block 2N x 2N matrix, where its upper N x 2N part arising from Eq. (8a) consists of the unit
N x N matrix block on the left and a tridiagonal N x N matrix block with corner elements due to the periodic

boundary conditions on the right. This structure of J allows to easily express the vector v| via vy at t =, and by
substituting it into the lower N x 2N block of Eq. (20) to finally arrive at

1 1 1
[I —5A1Q, ", rn)]V2 + Z(Aﬂ)Qh 3™, t)vax = ALQY™, 1) — E(ArZ)Qh ", )., (22)

where Qg , Qy, are, respectively, Frechet-differential operators of Q with respect to ¢, 4 evaluated ath = h®™, q= q(”).

Eq. (22) represents a set of N linear ordinary differential equations which, upon spatial discretization using a finite
differencing scheme based on a spatially uniform grid of the size Ax and accurate to second order in Ax, is reduced
to a set of linear algebraic equations with a pentadiagonal matrix and triangular corners arising from the periodic
boundary conditions. The latter is solved using the modified Thomas algorithm. Evaluation of the Frechet derivatives
and spatial discretization are both carried out in the conservative form using linear interpolation for half-nodes, so that
in the process of computations the total mass of the film is conserved up to O(107'2)% of the initial mass.

Egs. (8) are numerically solved here using the spatially uniform grid of 700-1000 points and a typical initial
adaptive time step of order 10~3. During the computation of the spatiotemporal evolution of the film, the time series
of the values of h,q and h;, g¢; at x = 0 are collected in the time range following the transient period for post-
processing. The values of the time derivative g; is estimated using the backward difference of first order accuracy
in Ar. However, the value of %, is computed directly from Eq. (8a) which is accurate to O(A#2). These time series
are further used to compute the portrait of the film evolution in the phase plane (d H — H) and Poincaré maps. Here
H=h/hy,dH =h;/ hy = —qx/hn. The Poincaré maps presented below are defined by stroboscopic sampling the
solution with the input forcing period 27 /¢, where ¢ is the dimensionless forcing frequency. We also compute and
make use of the power spectra of the steady state temporal evolution.
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Fig. 4. Poincaré maps for R = 3.1, W = 1000, « = 1.837. The pan-
els from the top to the bottom correspond to ¢ = 0.006 and ¢ = 0.07;
& =0.004775 and ¢ = 0.055; ¢ = 0.003765 and ¢ = 0.043, respec-
tively. The maps show time intervals of: (a) 27000 < ¢ < 55000;
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(b) 30000 < ¢ < 1150005 (c) 55000 < t < 70000.

5. Comparison with TMBE

In this section we compare our numerical results for the temporally modulated system (TMBL) with those obtained
by Oron and Gottlieb [11] for the TMBE equation.

Figs. 4 and 5 display the representative Poincaré maps and the wave shapes, respectively, for case B, i.e., R =3.1,
W = 1000. The panels from top to bottom correspond to ¢ = 0.006, 0.004775, 0.003765, respectively. The evolution
of the time-modulated Benney equation (TMBE), [15] computed for the normalized oscillation amplitude I = 1 and
frequency w =4 atx = 0 is presented in Figs. 5 and 6 in Ref. [15]. In order to compare with their results, we convert
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Fig. 5. The wave shapes for R = 3.1, W = 1000, o = 1.837. The rows
correspond to ¢ = 0.006 and ¢ = 0.07; ¢ = 0.004775 and ¢ = 0.055;

& =0.003765 and ¢

=0.043, respectively. Here X = x/L.

their parameters I" and w to the non-dimensional oscillation amplitude « and frequency ¢ used in Egs. (8)
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Fig. 6. The Poincaré maps in case B for R = 3.1, W = 1000, ¢ = 0.003394, « = 1.837 and ¢ = 0.039, corresponding to the chaotic solution
displayed in the middle row of Fig. 12. The maps include 600, 1000 and 2000 points per map, from the top to the bottom for 22500 < ¢t < 116750,
for 22500 <t < 179580, for 22500 < ¢ < 336660, respectively.

In Fig. 4 we depict quasiperiodic tori of TMBL for « = 1.84 and ¢ = 0.07, 0.055, 0.043, respectively, while Fig. 5
shows that the spatial topological structure of the interfacial waves is not altered (TMBL versus TMBE), except for a
slight change in the type of the solution. We use here the classification made by Chang [21] for the waves emerging
in falling liquid films: (i) the y;-family whose representatives satisfy the condition hmax — Ay < Ay — hmin, 1.€.
depression or “hole” waves, and (ii) the y»-family whose representatives satisfy the condition hpax — Ay > AN — Amin,
i.e. elevation or “hump” waves. The TMBE yields y,-type solutions, whereas the TMBL equations show quasiperiodic
solutions (QP) of the y;-family for the values of ¢ close to the Hopf threshold of the system (¢ = 0.006, 0.004775,
Fig. 4, Fig. 5 in the upper and middle panels) and y»-type QP solutions following the transition to the second mode
(¢ =0.003765, Fig. 4, Fig. 5 in the lower panels). The maximal normalized value of the film thickness H = hmax/hn
is slightly lower than the value of /i, obtained by solving the TMBE by about 2%, but still shows a good agreement
in terms of amplitudes.

However, we do not always obtain a good agreement between the solutions for TMBL and TMBE. Fig. 6 presents
the Poincaré map of the chaotic solution for ¢ = 0.003394 with @ = 1.837 and ¢ = 0.039 for the TMBL equations. The
upper map is obtained in the time interval 22 500 < ¢ < 116750, while the others correspond to 22500 < ¢ < 179580
and 22500 < t < 336660. The map for the TMBE corresponding to the top panel in Fig. 6 at the same value of ¢
and the corresponding non-dimensional forcing parameters is shown in Fig. 6(d3) [15] for 300 < ¢ < 600. Both of
these maps contain 600 points each, but the strange attractors they depict are different in their internal structure and
magnitude.

6. Numerical investigation
As noted above, we focus here on two cases considered [12,11,15,25], namely: case A in which W = 1000,

£ =0.04/2m; and case B in which W = 1000, R = 3.1. In both cases we employ periodic boundary conditions
(referred to as closed flow conditions in Ref. [25]) in the domain 0 < x < L, where L =h Na_l. An alternative no-
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tation [25] is 0 < x < 2w/ k, where k is the fundamental wavenumber, and the relationship between k and ¢ is given
by:
2me

- 2 R)l /3°
We investigate the dynamics of falling films on an oscillating vertical plane by numerically solving the TMBL equa-
tions (8) for values of parameters corresponding to case A and case B for various values of oscillation amplitude
and frequency « and ¢, respectively. We recall that the Hopf stability threshold of the unmodulated system [26,27]
is wHopt = k(2R)%/3, where wavenumber k is defined by Eq. (24). We find from the solution of Egs. (8) that in the
unmodulated regime, the limit cycle frequency of the periodic traveling wave wy ¢ is only slightly affected by the non-
linearities and is close to the value of the critical frequency obtained from the linear stability analysis of the unforced
system

wLC ~ WHopt = 2me(2R) 3. (25)

(24)

We note that this value corresponds to the Hopf frequency 47 of the BE obtained by Oron and Gottlieb [11].

We solve Egs. (8) with the oscillation frequency close to the natural frequency wy ¢ obtained from the unforced case
to investigate possible primary resonance and with frequencies of the excitation close to twice the natural frequency
to investigate possible parametric resonance.

6.1. Case A

6.1.1. Bifurcation structure

We have found that the distinction between the subdomains / — V found in Refs. [26,27] and reported below does
not change in case A for different values of parameters « and ¢. The fundamental solution of the TMBL equations is
found to be a quasiperiodic modulated propagating wave (QP) arising when the parametric excitation with o > o ()
in domain I and & < @ (¢) in domain II is applied to a periodic TW flow.

We obtain the following regions of stability corresponding to and modulated flows with ¢ < o (¢): (I) the region
of the stability of 7 = hy for the unmodulated system, namely R < 2; (II) the domain where quasiperiodic flows
of the y;-type emerge; (III) the region of coexisting QP solutions of both y;- and y»-types; (IV) the domain where
quasiperiodic flows of the y»-type only emerge; (V) the domain where the solutions, QP for 16.5 < R < 31 and
33 < R < 35 and chaotic for 31 < R < 33, exhibit the negative flow rates Q.

The regions I-V are intimately linked to regions I-V that were demarcated in Refs. [26,27] in case A for unmod-
ulated films. As follows from our Floquet analysis in Section 3, the types of flow regimes obtained in regions I-V in
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Fig. 7. The dynamics of the temporally modulated film in case A for R = 1 for @ = 1.5 and ¢ = 2. The wave shape of the film interface at r = 64 088
and the Poincaré map for 63458 <t < 64088 are presented.
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Fig. 8. The dynamics of the temporally modulated film in case A for various R and ¢, all for @ = 2. The first, second and third rows correspond
to R=5and ¢ =0.086, R=12and ¢ =0.115, R =17 and ¢ = 0.1295, respectively. The left column — the wave profiles of H and Q; the right
column — the Poincaré maps of the corresponding solutions at x = 0 for 2000 < ¢ < 8750, 2000 < ¢t < 6000, 1000 < ¢ < 4000, respectively.

Refs. [26,27] for unmodulated flows, are preserved in the case of modulated flows with & > ar(¢). Also, the type of
wave regimes, either y; or y», remains unaffected by plane oscillation.

6.1.2. Quasiperiodic solutions

When the film flow with R = 1 from within region I corresponding to a linearly stable unmodulated system is
forced by o > afr(¢), the evolution of the standard initial condition leads to a quasiperiodic solution, as depicted in
Fig. 7 where both the wave shape of the film interface and the Poincaré map of this flow are presented. Note that
X = x/L here and in the rest of the paper.

Fig. 8 presents the fundamental solutions of the TMBL equations, that are found to be quasiperiodic flows
in region II, for R =5, 12, 17, respectively, excited by oscillations with the limit cycle frequency of the corre-
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Fig. 9. Coexisting QP solutions in case A for R = 7. (a), (c): the yj-wave; (b), (d): the yp-wave; (a), (b) — the wave shapes H(X), Q(X) at
t = 17600 and ¢ = 2500, respectively; (c), (d) — the corresponding Poincaré maps at 12340 < ¢ < 17600 and 1750 < ¢ < 2500, respectively.

sponding unforced case ¢ = 0.086, 0.115, 0.1295, respectively. The oscillating amplitude o = 2 < o (¢) was held
fixed.

In the left column, Fig. 8 displays samples of both interfacial wave shapes H (X) and spatial variation of the flow
rate Q(X), and in the right column, the Poincaré maps d H (H). The Poincaré maps reveal the quasiperiodic character
of film evolution. When the Reynolds number R increases, non-linearity of the solutions increases, as shown by the
growing number of humps in the left column of Fig. 8. We notice topological similarity between the wave shapes and
the identical y;-type of the solutions in both free and forced regimes and between the phase plane portraits and the
Poincaré maps in both regimes [26,27].

6.1.3. Coexisting solutions

Numerical investigation of case A for the oscillating plane with o < o r (¢) reveals that subdomain (iii), 6.7 < R <
7.4, is preserved as a region of coexistence of solutions that belong to y;- and y»-families. Fig. 9(a), (c) displays the
wave shapes for both H(X) and Q(X), while Fig. 9(b), (d) shows the corresponding Poincaré maps d H (H) for two,
y1- and y»-type, quasiperiodic coexisting solutions in case A for R =7, « =2, ¢ =0.093 and ¢ = 0.10, respectively.

These QP solutions are an outcome of excitation of the unforced TW coexisting flows [26,27]. To obtain these
solutions, we used the “standard” initial conditions for the y;-solution, and the corresponding solution for the BE as
an initial condition for the y,-solution.

6.1.4. Chaotic solutions

When the parametric excitation with o < ar(¢) is applied to NSW flows, chaotic modulated propagating waves
arise. Fig. 10 displays a chaotic-like solution obtained in case A for R =32, o =2, { = 0.16, presented by its sample
wave shapes for both H(X) and Q(X) taken at a certain time ¢ in Fig. 10-upper panel, by its Poincaré map d H(H) in
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Fig. 10. Chaotic solution in case A for R =32, o =2, { =0.16. the top left panel — the wave profile H (X), Q(X); the top right panel — Poincaré
map for 1000 < ¢ < 20000, the bottom panel — the power spectrum of time series.

Fig. 10-middle panel, and the power spectrum of the time series in Fig. 10-lower panel. The power spectrum reveals
an irregular spatiotemporal behavior characteristic of a chaotic strange attractor.

Excitation of the unforced film does not change the topological structure of the interfacial wave H (X) and of the
spatial variation obtained for Q(X). However, we note that the flow rate Q(X) is negative for 0.7 < X < 0.74 at this
time and displays a reverse flow in the corresponding subdomain of the periodic domain of the flow. This feature will
be further discussed in Section 6.3.

6.2. Case B

6.2.1. Quasiperiodic solutions

In Section 5, we have showed the Poincaré maps (Fig. 4) and the wave shapes (Fig. 5) for the quasiperiodic solution
of the TMBL equations for several values of ¢ from domain II and various values of the oscillation amplitude ¢. These
solutions reveal that the interfacial waves remain topologically unchanged with respect to the unforced case and the
Poincaré maps of the forced case resemble the phase plane portraits of the corresponding unmodulated case when
a<ap(l).

Fig. 11 presents the dynamics of the modulated film for ¢ = 0.004775 by eleven wave shapes H (X) sampled each
10 time units during one forcing period T = 2w /{ &~ 114.0, where the forcing frequency is { = 0.055. The wave
propagates from the left to the right. One can notice that there is a slight change in shape of the wave with time, in
particular in the domain around the inflection point between the trough and the crest of the wave.

6.2.2. Chaotic solutions
In Section 5 we presented the chaotic solution of the y»-type in case B, for ¢ = 0.003394, o« = 1.837 and ¢ = 0.039
by its Poincaré map, see Fig. 6, to compare our numerical investigations in case B with respect to the solutions of the
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Fig. 11. The dynamics of the modulated film in case B: R = 3.1, W = 1000, ¢ = 0.004775, a = 1.84, ¢ = 0.055. Eleven snapshots are shown in
one forcing period equal to T = 114, the time difference between the snapshots is 10. The wave propagates from the left to the right.

TMBE equation [11]. This irregular regime is an outcome of excitation of the corresponding unforced y»-type NSW
solution with o < @ ({).

We studied the evolution of this solution for longer times. Fig. 6 shows three Poincaré maps consisting of 600,
1000 and 2000 points, respectively, from the top to the bottom for 22 500 < ¢ < 116750, for 22500 < ¢ < 179580, for
22500 <t <336 660. As follows from the comparison between these maps, the Poincaré points do not return each to
other and the basic form of the cloud is preserved. This confirms the chaotic-like irregularity of the solution.

We have performed a numerical investigation for two additional values of ¢ close to ¢ = 0.003394, namely ¢ =
0.0033 and ¢ = 0.0035, and found that the solutions of the TMBL equations in these cases are also chaotic when
o < ap(¢). The former is of the y;-type and the latter is of the y»-type, which correspond to the same type of a
NSW solution in the unforced regime [26,27]. The right column of Fig. 12 presents the time series H () at x = 0 for
e =0.0035, ¢ =0.04; ¢ =0.003394, ¢ = 0.039 and ¢ = 0.0033, ¢ = 0.038, respectively, where all frequencies are
near the primary resonance, all for « = 1.84. Fig. 12 presents in its left column the Poincaré maps, consisting of 1000
points per map. Fig. 12 reveals in its left column additional types of strange attractors. While the Poincaré map of the
solution for ¢ = 0.0033 (bottom-left) has a cloud form similar to ¢ = 0.003394, the map computed for ¢ = 0.0035 (top
left) is different. The dynamics of € = 0.003394, corresponding to the middle panel of Fig. 12, is shown in Fig. 13 by
displaying several snapshots of the interfacial wave H (X) sampled each 20 time units. Fig. 13 shows that the wave
shapes are different each from the others and reveals an aperiodic in time structure of the chaotic solution.

6.2.3. Replicated waves
We have also found replicated waves of the y»-type consisting of two virtually identical humps. Fig. 14 presents
such replicated wave obtained for ¢ = 0.003, the oscillation amplitude o = 1.84 and the oscillation frequency near the
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Fig. 12. The dynamics of the temporally modulated film in case B, @ = 1.84 for various ¢ and ¢. The first, second and third rows correspond
to ¢ = 0.0035 and ¢ = 0.04, ¢ = 0.003394 and ¢ = 0.039, ¢ = 0.0033 and ¢ = 0.038, respectively. The left column — the Poincaré maps of the
corresponding solutions at x =0 for 20000 <t < 175525, 76603 <t < 396598, 21504 <t < 186451, respectively. The right column — the time
series of H at x =0.

primary resonance ¢ = 0.0346 with o < ar(¢), by the interfacial shape H(X) and the flow rate Q(X) at t =20000
in Fig. 14(a) and the corresponding Poincaré map in Fig. 14(b) for 15000 < ¢ < 20000.

The corresponding solution in the unforced regime for & = 0.003 was found to be an aperiodic NSW flow from
the y»-family [26,27]. Therefore, the outcome of its excitation would be expected to be a chaotic strange attractor.
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Fig. 13. The dynamics of the modulated film, as described by the TMBL equations, in case B for R = 3.1, W = 1000, ¢ = 0.003394, o = 1.84,
¢ =0.039, corresponding to the chaotic solution displayed in the middle panel of Fig. 12. Eight snapshots are shown with the time difference of 20
between the snapshots. The wave propagates from the left to the right.
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Fig. 14. A replicated wave that represents a quasiperiodic solution obtained in case B for ¢ = 0.003, « = 1.84, ¢ = 0.0346. (a) The wave shapes
H(X) and Q(X) att =20000; (b) The Poincaré map of this QP solution is presented for 15000 < ¢ < 20000.

However, Fig. 14 reveals a quasiperiodic character of film evolution. We note the difference in the wave amplitudes,
namely, the maximal amplitude of the forced wave is much smaller than that of the unforced aperiodic wave [26,27].

Thus, we conjecture that there is a possible coexistence of this quasiperiodic solution and a chaotic attractor that may
arise for a specific set of initial conditions.
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Fig. 15. A QP solution of the y;-type in case B for ¢ = 0.00425, o = 1.84, ¢ = 0.049. The left panel shows the wave profiles H(X), Q(X) at
t = 40000, while the right panel presents a Poincaré map for 30000 < ¢ < 40000. No solutions of the y,-type were found for this parameter set.
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Fig. 16. Coexisting solutions in case B for ¢ =0.004, « = 1.84, ¢ = 0.046. The left panel corresponds to the y,-type QP solution, while the right
panel shows the irregular solution of the y|-type; both represented by their Poincaré maps. A slight deviation of the Poincaré points from the curve
does not disappear with a decrease of the time step of the numerical solution.

6.2.4. Coexisting solutions

Contrary to our prediction that the coexisting TW solutions of the y;- and y,-types obtained in case B, ¢ = 0.00425
in the unmodulated case [26,27], persist with excitation as quasiperiodic waves of the y;- and y»-families, we only
find the y;-type QP solution for « = 1.84 and ¢ = 0.049, despite multiple simulations for various kinds of the initial
condition used in the unforced regime [26,27] to search for the y|- and y»-waves. This QP solution of the y;-type is
presented in Fig. 15.

For ¢ = 0.004, we have obtained two coexisting solutions in the unforced regime [26,27]: the y,-type TW and
NSW of the y;-type. As anticipated, when the parametric excitation with o« = 1.84 and ¢ = 0.046 (a < ar(¢)), is
applied to the y»-type TW solution, a quasiperiodic solution of the same y»-type arises. This solution is displayed in
the left panel of Fig. 16 by its Poincaré map, whereas the right panel of Fig. 16 displays a more irregular coexisting
solution of the y;-type.

6.3. Reverse flows of TMBL equations

Several studies [30—36] based on numerical solution of the Navier—Stokes equations suggest that in the case of an
unmodulated falling films, a spontaneous return flow may emerge. In the case of a modulated system, the portions
of the liquid adjacent to the oscillating wall are entrained during a half of the oscillation cycle in the flow upwards.
However, the total flow rate in the cross-section may be still positive and return flow does not occur. This section is
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devoted to the emergence of reverse flow that takes place where Q(x) < 0 at some location within the periodic domain
and by continuity in its neighborhood.

In our previous study [26,27], we discussed the solutions of the WRIBL equations whose flow rate Q had a
negative value. The loss of positivity for Q implies that the flow field displays a domain where a spontaneous return
flow, against gravity, takes place. The negative sign of Q reveals that in the corresponding cross-sections of the film,
the volumetric flow rate entrained in the return flow against gravity, is larger than that in the direction of gravity. We
presented on the stability diagram for W = 1000 (Fig. 1 in Ref. [26]) the border line below which the value of Q
becomes negative. In case A, the minimal value of Q(X) vanishes at R &~ 17 and the WRIBL equations exhibit flow
reversal in the unmodulated system for R > 17, where Q(X) is negative for a certain range of X. In case B we have
not encountered any evidence of flow reversal in the unmodulated case via the emergence of Q < 0.

In the present work, we investigate the flow reversal for Q for the TMBL equations. Fig. 1 displays the solid curve
separating between the domain of positive Q located to the left of this line and that of negative Q located below this
curve investigated for the WRIBL equations (« = 0, { = 0). We study the influence of the oscillation amplitude on the
location of the curve along which Q = 0. The dot-dashed line reveals the loss of positivity of Q for the solutions of the
TMBL equations for oscillation amplitude o« = 10 and oscillation frequency ¢ ¢ equal to that of the non-modulated
film. We also find that for o = 18, all the solutions below the stability threshold of the system (n = 1), including those
of Case B and Case A, are regimes where flow reversal emerges.

7. Influence of oscillation on the wave amplitude

We have found that the amplitude of the interfacial waves can be reduced or even suppressed by harmonic temporal
modulation of the substrate. To investigate the influence of the oscillation amplitude « and frequency ¢ on the dynam-
ics of the interfacial waves, we define first a suitable parameter associated with the reduction of the wave amplitude.
Since the fundamental solution of the TMBL equations is quasiperiodic (QP), we cannot use the maximal value of the
film thickness as such parameter. Instead, we introduce a roughness parameter [11] A,

(hmax - hmin) F

A= mnl
(hmax - hmin)UF

(26)
where hmax and hpip are, respectively, the maximal and minimal film thickness, as determined in the saturated stage
of evolution, and the superscripts 7 and YF correspond to the forced and to the natural, unforced, regimes, respec-
tively.

Fig. 17 shows variation of A with the oscillation frequency ¢ for three values of the oscillation amplitude o =
0.5; 1; 2 in case B for e = 0.004775 and for the range of the dimensionless oscillation frequency of ¢ c < ¢ < 2208 ¢,
where in the case at hand {1.c = 0.055. The limiting value of { = 0 corresponds to the case of a stationary solid plane,
i.e., the unforced regime as described by the WRIBL equations [26,27], and in this case A = 1. When the oscillation
frequency ¢ increases ({L.c < ¢ < 30¢Lc), the roughness factor also increases, i.e., in this range wall oscillation leads
to the increase of the wave amplitude. When ¢ > 3041 ¢, the value of A begins to decrease. We note that the parameter
A returns to its starting value, A = 1, at approximately equal value of the oscillation frequency ¢ = 60¢Lc, regardless
of the oscillation amplitude «. For « =2 and ¢ = 75¢1c, we obtain about 20% decrease in the roughness factor A. If
¢ = 85¢1c, the reduction is 50%, while for ¢ = 100¢ ¢, the flow with an almost flat interface 7 = hy is obtained, i.e.,
A~0.

Oron and Gottlieb [11] presented similar results found in the framework of the TMBE, namely, a small increase in
A and following that a decrease of approximately 40% in the range of frequencies valid for the TMBE. Qualitatively
similar results of the wave amplitude decrease with the oscillation frequency were presented in the experimental data
obtained by Tihon et al. [9]. It is important to note that the Kapitza number of the fluid G85 used in the experimental
studies of Tihon et al. [9] is about 12.0 which is not sufficiently large, as required in the derivation of Eqgs. (8a)
and (8b). This fact does not enable us to successfully validate our theoretical results with the experimental data [9].

The results related to suppression of the waviness of the film interface can be explained in terms of stability of the
base state given by Eq. (12) according to the Floquet theory discussed in Section 3. In domain II, the stabilization
was achieved by increasing either the normalized amplitude of plane oscillation « or its normalized frequency ¢. In
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Fig. 17. The variation of the roughness factor A defined in Eq. (26) with the oscillation frequency ¢ in case B for ¢ = 0.004775, « =0.5; 1; 2 and
0 < ¢ < 13 corresponding to 0 < ¢ < 220¢y ¢ with ¢ c = 0.055. The dashed curves serve to guide the reader’s eyes.

the stabilized regime, the long-time solution of the forced system exhibits flat interface 7 = hy and time-periodic
dynamics of ¢ = g, (¢). The magnitude of the deviation of g from its mean value gy is given by

al /225 + h¢?
q =
BN

and the numerical results based on Egs. (8) perfectly fit it. The bounds of the stability domain based on Floquet
analysis shown in Fig. 3 are also well reproduced by the numerical solution of Egs. (8). Reduction of the wave
amplitude described above also holds for apparently chaotic regimes. We note here that the same kind of stabilization
and wave amplitude reduction has been also observed for forced water films. This is beyond the scope of this paper
and will be discussed separately elsewhere.

Bauer and von Kerczek [7], and Lin et al. [8] demonstrated via Floquet theory applied directly to the linearized
Navier-Stokes equations that windows of stabilization of the corresponding time-periodic solution of the Navier—
Stokes equations emerge when plane oscillation is applied. These windows of stability expand when either the
dimensionless amplitude or frequency of forcing increases. In our studies, however, we have not identified sepa-
rate stabilization domains, but rather contiguous domains of stability. The reasons for this fact are yet unclear. One
possibility may be the fact that the linear stability analysis of the time-periodic state was carried out in the frame-
work of the original Navier—Stokes equations [7,8], while in our analysis the framework is the long-wave approximate
TMBL equations. Another explanation may be the differences in the base states, Eq. (12) and the base solution pre-
sented by Lin et al. [8]. Fig. 18 presents a comparison between these two base states which are both ¢-periodic in
time and are shown in one period 0 < ¢ < 27/¢. As follows from Fig. 18, apart from a slight phase shift between the
solutions, there is a discrepancy between them which grows with o and reaches about 10% in the flow rate ampli-
tude.

27

8. Conclusions

In this paper we have derived and analyzed the spatiotemporal dynamics of thin liquid films falling on an oscillating
vertical plane via the time-modulated weighted-residual boundary-layer (TMBL) equations. This set of evolution
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Fig. 18. A comparison between the base state (Eq. (12)) shown by solid curves and that derived by Lin et al. [8] shown by dashed curves both
presented in one period time interval 0 < ¢ < 27 /¢. Curves 1-6 correspond, respectively, to pairs («, ¢) given by (5, 1); (5,3); (5,5); (1, 1); (1,3)
and (1, 5).

equations represents an approximation to the Navier—Stokes equations with appropriate boundary conditions to the
first order of the small aspect ratio parameter.

The set of TMBL equations admits a solution that corresponds to a flat film and temporally periodic volumetric
flow rate. Using Floquet theory we have demonstrated that there exists a region in the plane spanned by the dimen-
sionless oscillation amplitude and frequency, where this solution is asymptotically stable. In the domain of linear
stability of the Nusselt flow of the non-modulated system, the region of asymptotical stability (AS) of the time-
periodic state is for small forcing amplitudes, while in the domain of the instability of the Nusselt flow the region
of AS of the temporally periodic flow is for sufficiently large forcing amplitudes depending on the oscillation fre-
quency.

We have found that in the region of instability of the temporally periodic flow, forcing of the traveling wave and non-
stationary wave regimes arising in the unmodulated system results in the emergence of quasiperiodic and apparently
chaotic regimes, respectively. These regions correspond exactly to the TW and NSW solutions of the unmodulated
system. Furthermore, the wave regimes of the y;- and y»-types survive forcing imparted by plane oscillation.

The possibility of the emergence of reverse flows has been also addressed in the paper. The border line delineating
the appearance of reverse flow and its variation with respect to the forcing parameters have been determined. We have
also found that an increase of the modulation amplitude leads to expansion of the domain of flow reversal, especially
for larger values of the Reynolds number, where it extends even into the parameter domain with one linearly unstable
mode. We have also revealed that for a sufficiently large oscillation amplitude, all flows display the feature of reversal.
The results of our investigation show that the topological shape of the interfacial wave does not change as a result of
plane oscillation whether flow reversal emerges or not.

Finally, the existence of the regions of asymptotical stability of the flat film with a temporally periodic flow
rate provides the window for reduction or even suppression of the waviness of the film interface in both domains
of linear stability and instability of the non-modulated falling films. Numerical investigation of the non-linear dy-
namics of the modulated film confirms the analytical results arising from the linear theory based on Floquet anal-
ysis. We have found that the domains of the wave amplitude suppression obtained from the numerical solution
of the TMBL equations are roughly delineated by the borders of the stability regions derived from Floquet the-

ory.
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Appendix A. Dimensionless equations and boundary conditions

The dimensionless governing continuity and Navier—Stokes equations are

uy +vy =0,
U+ uty + vy = —px + 14+ sy +uyy, (A.1)
Vr + uvx +vvy = —py — COtO + Uyy + Vyy.

The corresponding boundary conditions at the wall (y = 0) are no-slip-no-penetration conditions:
ulp =oafcos(lt), v]op=0. (A2)

At the free surface y = h(x, t), the boundary conditions are the balance of normal and tangential stresses calculated
by projecting the stress vector onto the normal and the tangential directions to the film interface, respectively,

KNy

+ By Gty lp + e ln) — () uxln — vyln | + pla =0, A3
[+ (h )27 1+(hx)2[ x(uyln xln) = (hy)“ux|n )|h] Pla (A.3)
2hy (vylp — uxln) + [1 - (hx)z](“y|h + vx|n) =0, (A4)
and the kinematic condition is
he +ulp hy =vlp. (A.5)

Appendix B. Derivation of Eqs. (8)
This appendix contains the main milestones of the derivation of Egs. (8).
Following essentially the derivation procedure proposed by Ruyer-Quil and Manneville [18] for the case of a static

wall, we find the expressions for the coefficients ay, ..., a4 of the expansion (7) up to order &

2 1 2 1 1 2 1 2 2 2
ag=h"— §h 0sap + —haph; — —h~agdyag + z=haghy — Bh*hy +kh“hyyy

6 10 30
h h? _
+ o cos(;t)(anhx — ?Bxao) +al“h”sin(¢t), (B.1)
h h+h 2h hza h? dpag + (1) L hza (B.2)
= —da —da — —0oradpg — —a a COS —d — —0yd N .
ar = aoht + s aghy — —=da0 — S5a0dao al ¢ g 40hx = - 9xao
h h h? h? h h?
a = —§aoht + 9—0a§hx + E&;ao — %aoaxao — ol cos({t)<§a0hx — Eaxa()), (B.3)
h h?
a3 = ——adhy, + —apdyao, (B.4)
30 60
ho, h?
aq = ﬁaohx - ﬁaoaxao. (BS)

The flow rate g is expressed as

4 1
q=h<b+Zaj/fjd5))
j=0 9

1 1 3 1 1
= 5h(3a{ cos(¢t) +ap + Eal + Eaz + §a3 + ia4>, (B.6)
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and the derivation of the evolution equation (8b) is concluded by differentiation of Eq. (B.6) with respect to time and
taking into account slow variation of a;, i > 1 with ¢, [27].
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